Financial constraints are widespread in developing countries, where even short term credit is limited. Finance held by firms as working capital is a substantial proportion of sales revenue, yet the role of working capital is largely neglected by existing models of financial constraints. I present a dynamic model of the firm that incorporates working capital by introducing a delay between factor payments and the receipt of revenue. In contrast with previous models, the working capital model predicts that firms under binding constraints will substitute between labor and capital in response to demand shocks, causing investment to be countercyclical. For firms near the margin of being constrained, constraints bind when positive production opportunities arise. Output growth is therefore constrained in response to positive shocks but not to negative shocks. Simulations suggest that models without working capital may understate the predicted effects of financial constraints on production efficiency, firm profit and growth over time. I test the predictions using the recently completed Bangladesh Panel Survey for manufacturing firms.
Introduction
Financial constraints are a prevailing problem facing firms in developing countries where capital is scarce and financial institutions are underdeveloped.
1 The World Bank Investment Climate Surveys, covering more than 26,000 firms across 53 developing countries, find that the cost and access to finance 2 is considered by firms to be among the top 5 problems they face (Hallward-Driemeier and
Smith (2005)). The functioning of financial markets and the availability of credit affect the ability of firms to grow. They also influence the firms' incentives to hire labor and invest, which in turn affect economic growth and poverty reduction.
An often ignored mechanism by which financial constraints can affect the firm is working capital.
Working capital is needed to cover costs of operations before revenue is received. For example, the farmer needs to purchase seeds and fertilizer before his crop is harvested, the garment maker must buy fabric and pay workers before delivering the clothing and the stall owner must pay for produce before it can be sold. The need for working capital thus arise from the difference in the timing of when costs are incurred and when revenue is received. In some instances, financial arrangements can help overcome the timing problem, either through prepayment of accounts receivable (i.e. online shopping) or delayed payment of current liabilities (i.e. trade credit 3 ), however the majority of production requires cash to purchase inputs before goods or services are delivered.
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Working capital accounts for a substantial proportion of firms' financial needs, particularly in developing countries. Working capital is therefore likely to be an important avenue by which financial constraints can affect firm behavior. Firms in Bangladesh rely more on non-cash working capital (mainly inventories) compared to US firms, which is consistent with less available credit. In Bangladesh, working capital is considerably greater than investment. The average cost of investment spending relative to sales is less than 5%.
Recent business cycle models of emerging economies have relied on working capital as a propagation mechanism to transmit interest rate shocks to real outcomes (see Neumeyer and Perri (2005) ;
Oviedo (2004)). The responses to interest rate shocks are magnified in these models because the need for working capital imposes additional borrowing requirements. In these models, the firm is assumed to always borrow the entire cost of production. Internally generated revenue is not considered as a source of finance. My model incorporates the option of internal finance. Accounting for the role of internal revenue is critical for understanding working capital, as the delay in revenue is the very mechanism that creates the need for working capital. Allowing for internally generated 1 Constraints to external finance may arise due to a number of factors: credit market imperfections, scarcity of financial resources, volatile environments or the lack of contract enforcement mechanisms. (Stiglitz & Weiss(1981) ).
2 Cost to finance refers to the interest rate charged for loans. Access to finance refers to the need for collateral and the availability of loans.
3 An interesting body of literature looks at the role of trade credit in financial development. See Fisman and Love (2004); Fisman (2001) ; Fisman and Love (2003) ; Burkart and Ellingsen (2004) 4 In the [2003] [2004] [2005] Bangladesh Panel Survey of Manufacturing Firms, the median percent of sales paid at delivery is 100 percent.
5 Accounts receivable is money owed to the firm.
finance is also important considering that, empirically, the largest source of financing is from internal finance. This is particularly true for firms in developing countries. Amongst a sample of Bangladeshi manufacturing firms, approximately 75 percent of the financing of new investments and 60 percent of additional working capital come from internal funds (shown in Figure 1 ).
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Accounting for working capital and internal finance has real economic implications when financial constraints exist.
7 First of all, working capital directly affects the firm's decision making. A factory owner with limited cash must ration financial resources between purchases of different factor inputs at suboptimal levels. This alters the decision from one where finance is only needed for one factor.
Second, working capital affects the firm's response to shocks when constrained. For example, if a credit constrained factory owner faces an increase in price for her output today, the urgency to increase output immediately to take advantage of the short-term profit opportunity will lead her to delay investment in order to purchase more production inputs. Third, working capital propagates the effects of financial constraints intertemporally through the accumulation of revenue. If poor firms cannot afford the inputs to produce at an optimal level, then revenue falls, limiting the ability to purchase inputs in the next period as well. As a result, financially constrained firms grow much more slowly and have lower expected profits. Not accounting for working capital understates the effects of financial constraints on the growth of the firm over time.
This paper has three goals. First, I extend the existing theory of firm behavior with financial constraints to allow delays in the receipt of revenue. This generates the need for working capital.
Although a large body of literature has looked at the effects of financial constraints on the firm, previous models start with the assumption that the firm requires financing for physical capital only 8 , restricting a priori the effects to one factor of production and foregoing the possible allocation of finance between factors under financial constraints. This may be a reasonable starting assumption for firms in developed countries where short term credit is readily available but it is inappropriate for firms in developing countries where credit is scarce. Empirical studies have shown that firms facing financial constraints reallocate finances for working capital to smooth investment (Fazzari and Petersen (1993) ). It is natural to ask what the reallocation of finances implies for production when funds are diverted away from short term purchases. In the model I develop, firms must choose between allocating cash for investment or for immediate production needs. Thus firms facing financial constraints need to trade off future production with present production in response to changes in production opportunities. Such substitution effects have been neglected by existing models. The model produces an analytically tractable solution that characterizes the optimal constrained and unconstrained behavior of the firm. The results show that properly accounting for working capital and internal finance changes the predictions for firm behavior, especially those concerning the firm's response to demand shocks. Under financial constraints, the reallocation of financial resources between factors in response to shocks causes investment to be countercyclical. When current demand is high, constrained firms forgo investment to allocate scarce resources toward current production.
6 In the US, Carpenter and Petersen (2002) has also found that small firms are constrained by internal finance. 7 Although the need for working capital is observed in reality, the optimal behavior of the firm does not differ from a model without working capital when external credit is freely available to facilitate the intertemporal substitution required to solve the production timing problem. The only difference is that the cost of borrowing would enter additionally to the cost of purchasing inputs.
8 See Bond and Van Reenen (2007) ; Hubbard (1998); Love (2003) ; Lorenzoni and Walentin (2007); Tybout (1983) ; Whited (1992); Bigsten et al. (2005) ; Bloom et al. (2006) ; Bond et al. (2003) ; Bratkowski et al. (2000) ; Bond and Meghir (1994) When demand is low, firms produce less and have lower costs, relaxing the liquidity constraint and enabling them to allocate more resources to investment.
The model also describes the conditions under which firms would move between being constrained and unconstrained. Whether a firm is constrained depends on both its assets and on demand shocks.
Financial constraints bind when firms wish to increase output but cannot finance a larger input bill. Firms may be unconstrained at moderate demand levels but become constrained when a higher than average demand shock occurs. As a result, output response to positive shocks is limited. Output response is not limited in response to negative shocks.
The key theoretical predictions of the working capital model are important as they imply that financial constraints limit output of constrained firms just when good production opportunities arise and cause constrained firms to disinvest just when investment should increase.
The second goal of this paper is to examine how financial constraints affect firm output, efficiency and growth over time when working capital is taken into account. I solve the model numerically and subject the model to simulated stochastic shocks over time to illustrate the extent to which financial constraints cause scale and production inefficiencies. Holding initial conditions and parameters constant across the working capital model and the standard investment model, simulations show that constrained firms on average produce 38 percent of optimal output versus the 60 percent predicted by a standard model.
9 Labor to capital ratios are higher than optimal under constraints and the costs of generating a dollar of revenue are higher for constrained firms than for unconstrained firms.
These two factors create a loss in producer surplus; numerical results show that the constrained firm achieves on average only 8 percent of possible optimal profits. As firms must rely on internal finance to grow, the reduced profits substantially slow the growth of the firm over time. The time to reach maturity (in terms of being able to produce optimally) is estimated to be around 3 times longer than that predicted by standard investment models under the same financial constraints 10 .
One of the empirical challenges in the literature has been to identify financially constrained firms.
Many studies unsatisfactorily use endogenous firm characteristics such as size, outward orientation, or dividend payment as proxies to categorize affected firms (see Hubbard (1998)for review,Fazzari and Petersen (1993); Ganesh-Kumar et al. (2001) ). My results suggest that firms' dynamic behavior can reveal whether they are credit constrained. Results also speak to the ongoing debate in the literature about whether investment cashflow sensitivity indicate financially constrained firms (Kaplan and Zingales (1997, 2000) ; Fazzari et al. (1988 Fazzari et al. ( , 2000 ; Fazzari and Petersen (1993)) Third, I take the model's predictions to the data by testing when constraints are likely to bind, and how investment and output of Bangladeshi manufacturing firms respond to demand shocks under financial constraints. The Bangladesh Survey Panel contains unique survey questions that enable me to estimate demand shocks at the firm level. I find strong empirical support for the model's predictions. Constraints bind when firms experience positive price shocks. This is consistent with the working capital model and in contradiction with the competing thesis that firms become more constrained during downturns. 11 There is evidence that investment of financially constrained firms 9 The exact magnitude of the difference between models depends on parameter choice. 10 Recall that a period references the time from production to receipt of revenue, i.e. turnover time. This would differ from industry to industry and may range from 30 days to a quarter or longer. For example, in construction the appropriate time frame of a period would be close to a year. For food manufacturing, a period may reference a month or a couple of weeks. Regardless of the time frame, numerical simulation shows, under standard parameterization, the working capital model predicts a longer time to maturity and slower long run growth than the standard investment model.
11 Accelerator model, such as Bernanke and Gertler (1989) ; Bernanke et al. (1996) , borrowing is dependent on is countercyclical. The output response to price shock is different for firms that are unconstrained and firms that are sometimes constrained.
The next section presents the working capital model of the firm and theoretical results. Section 3 illustrates the implications of working capital and financial constraints on long term growth by simulating the model over time. Section 4 outlines the estimation strategy and presents empirical results. Section 5 concludes.
The Model
The introduction presented two key observations about firms in developing countries: working capital is an important component of financial requirements and internal finance is the primary source of finance. The model of the firm developed in this section captures both these components by introducing the demand for working capital due to a delay in the receipt of revenue. It is a partial equilibrium model designed to isolate the dynamic responses of the firm to output price or productivity shocks. A representative firm seeks to maximize the present value of profits over an infinite horizon. The maximization problem is the following:
The setup of the firm's maximization problem follows the standard dynamic model of the firm except for the delay in revenues. Production requires two factor inputs: capital and labor. Capital is a durable factor that brings a future stream of benefits. It evolves according to Equation (2).
The depreciation rate, δ, is assumed to be less than one and time invariant. Labor is a short-term variable input that is perfectly elastically supplied. It can also represent raw materials, energy or other adjustable inputs.
12 At each time period, the firm chooses inputs to maximize the stream of expected profits subject to the budget constraint given by Equation (1) The only stochastic variable in the model is the output price given by P t , where P t = P + ε t and ε ∼ (0, σ ε ) and is i.i.d. This variable may be interpreted alternatively as a technology shock or any exogenous shock that changes the value of output. The firm knows with certainty the price it will receive before input decisions are made. One can think of the firm as receiving orders for its product and signing contracts that set the price it will receive upon delivery of the order. 16 However, the firm faces uncertainty over the price in future years. Table 2 shows the order in which production is undertaken and when revenue is received. Cash in hand is defined as the sum of revenue and bond 
Solution
Denoting the multiplier in the borrowing constraint as υ b , the first order conditions are the following:
Equations (4) and (5) show how the firm weighs the future value of cash 1 + E ∂V (x ,P ) ∂x against the shadow value of loosening the current period's borrowing constraint, υ b , in its choice of factors. The solution 13 Alternatively, limits to borrowing may be modeled through the cost of borrowing. However, I have chosen to depict borrowing constraints as a set amount because there is a tendency for firms in developing countries to be more constrained by access than by the cost of finance. Lacking in sufficient collateral, firms can rarely borrow as much as they wish at prevailing market interest rates. The borrowing constraint or the interest rate could also be modeled as endogenous to net worth or business cycles (such as Bernanke and Gertler (1989) ; Bernanke et al. (1996) ). Although these alternative approaches would affect the likelihood of when constraints become binding, they do not take away from the key prediction of the firm's behavior under constraints as long as the working capital assumption holds (i.e the receipt of revenues are delayed)
14 I explore a working capital model with one period time to build capital adjustment in another paper. The solution becomes forward looking -the choice of capital depends on the present returns to labor as well as the expected returns to labor and capital. When constraints are not binding, the model follows the same first order conditions as that of the Jorgenson model of investment. When constraints are binding, the behavior of the firm varies according to the magnitude of the shocks: encompassing precautionary savings behavior of cash during large negative shocks as well as the capital labor substitution as demonstrated by the model presented in this paper.
15 This departs from the strict accounting definition of working capital (physical capital is not considered a current asset).
16 If prices are not known, firms make all decisions based on expectations which are invariant to temporary shocks. Firms will only react to changes in their internal revenue or permanent changes in expectations.
can be simplified as follows: If υ b equals zero, the firm is not constrained and input choices are governed by optimal conditions. If υ b is nonzero, the firm is credit constrained in which case its behavior will be governed by constrained optimal conditions. We can then write the first-order conditions case-by-case:
Unconstrained:
L * and K * is the solution to the firm's maximization problem if and only if:
Equation (6) and (7) hold and
Otherwise, the solution is given by Equations (8) and (9) 
Constrained:
Under non binding constraints, X − wL
to zero. The amount of cash in hand is irrelevant to the unconstrained optimal decision of the firm.
Labor and capital are chosen such that the marginal product is equated to marginal cost as defined by Equations (6) and (7).
Under binding constraints, the firm cannot achieve optimal production and instead reach a constrained optimum. The firm needs to consider the expected benefits of cash the next period,
, along with the cost of binding constraints today, υ b , when making factor input choices. As both the future benefit of cash and the present shadow value of cash enter the two first order conditions (Equation (4) and (5)), the ratio of the two conditions yields:
This ratio simplifies to Equation (8) above.
Note that even though the firm is optimizing dynamically, the forward looking terms cancel out and current actions can be described independently of expectations, which yields an analytically tractable solution. Under constraints, the firm need only compare the present opportunity cost of funds, w and p k , and the relative returns, (βP
between the two factors. The relative returns, that are the factor returns net of cost, are greater the further away factors are from optimal levels. The second first order condition is the binding cash constraint (Equation (9)).
The model's solution is unique as it provides the first order conditions for optimal constrained behavior of the firm. The solution is simplified as the return from production for constrained firms is strictly greater than the return from saving the money; so that by maximizing current profits, the firm is also maximizing future profits. (Constrained firms produce below optimal where marginal returns are higher than marginal cost). Not only is the return high for both inputs, but capital can also be sold and transformed into cash the next period.
Theoretical Predictions
One feature of the working capital model is that finance is needed for more than one factor of production. Under constraints, the firm is forced to choose between factors in its allocation of scarce cash, leading to countercyclical capital behavior. The substitution between factors is driven by binding constraints and changes in output price and not by changes in relative factor prices. These dynamics are unique to the working capital model and are not accounted for by standard investment models with financial constraints.
17 The working capital model also ties output demand to the demand for finances by the firm. As such, whether financial constraints are binding depends on the level of output demand. For firms near the margin of being constrained, firms have sufficient resources to finance a limited range of price realizations but not for realizations beyond their resources. Thus, constraints are more likely to bind when output price increases. Output response to shocks is therefore differentiated between increasing and decreasing price shocks as firms move into and out of constrained states.
The firm's choice of labor and capital is entirely described by the set of Equations (6), (7), (8) and (9) given initial state variables. The solution implies that the growth of the firm is characterized by three phases: 1) Always Constrained Phase: at very low levels of cash and capital stock, the firm will always be constrained regardless of the price; firm behavior is defined by the Constrained FOCS; 2)
Sometimes Constrained Phase: at medium levels of cash and capital stock, the firm is unconstrained when price is low but may become constrained when price is high; firm behavior is governed by the Unconstrained FOCs for a low range of prices and then switches to the Constrained FOCS when credit constraints become binding; and 3)Never Constrained Phase: at high levels of cash and capital stock the firm is never constrained regardless of the price shock; firm behavior always follows the Unconstrained FOCS. I derive two testable theoretical predictions from the working capital model that distinguishes it from other models.
Capital Countercyclicallity Under Always Constrained Phase
The first proposition is that capital responds to shocks countercyclically when constraints are binding. That is, positive price shocks are associated with a decrease in capital. However, the opposite is true when financial constraints binds (from inspection of the optimal first order conditions). The formal proof of the result is as follows:
where L * and K * is the solution to Equations 6 and 7: the change in capital due to a change in price will be negative dK dP < 0. (8) and (9) with respect to the two choice variables, L and K, and the parameter of interest P and X yields:
Proof: Fully differentiating Equations
Combine the two Equations (10) and (11) by substituting out dL yields the following:
17 Appendix 2 elaborates on the contrast between the working capital model and the standard model.
Equation (12) states that the total change in capital is decomposed into the change in cash, X , and the change in price, P . The change in capital due to the change in price can be expressed by Equation (13) as cash is predetermined and does not change due to price, dX dP = 0. The numerator is negative as Equation 8 rearranged is:
Capital behaves countercyclically under binding constraints due to two mechanisms. First, the difference between capital and labor as durable and non durable factors of production implies that the factors contribute differently to the next period's assets given by
only contributes to the value of production whereas capital contributes to production and retains value after production for future use. A change in price alters the value of production but not the accumulated value. As a result, a current period price shock will affect the marginal rate of value substitution between labor and capital.
18 Secondly, a binding cash constraint forces the firm to choose between the two factors and thus consider the marginal rate of value substitution.
19 Figure 3 illustrates the changes to factor demand due to an increase in the price in LK space.
Isovalue curves, like isoquants, depict the labor and capital combinations for the value that the factors generate, where value is defined as the sum of revenue and the depreciated value of capital:
The budget line is the cash constraint (Equation 9). The firm begins initially at point A where isovalue curve V1 is tangent to the budget line. An increase in the price enables the firm to produce the same output with relatively less labor than capital -the isovalue curve V2 becomes flatter. The new tangency point occurs at B and to the left of A where isovalue curve V3 lies tangent to the budget line.
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The reverse happens in response to a negative price shock. A decrease in demand decreases the marginal value of labor relative to the marginal value of capital. Firms do not adjust capital at the same rate as labor because the value of depreciated capital has not changed. The total change in capital, Equation (12), can be decomposed into an income effect, from the change in X, and a substitution effect from the stochastic changes in P . If the borrowing constraint was modeled as a function of net worth or the price, this will show up in Equation (12) as an additional term, i.e dK = ΛdX + ΦdP + Ωdbc. It follows that changes to the borrowing constraint act like an income 18 Equation 8 can be rewritten as:
From inspection, a change in P changes the marginal rate of value substitution.
19 The ratio of the marginal rate of value substitution holds also for firms at the optimal. Unconstrained firms do not exhibit countercyclical investment behavior because they are able to increase both labor and capital in response to positive shocks due to non binding constraints. There, capital increases less relative to labor in accordance with the marginal rate of value substitution. To show that unconstrained firms also experience the same marginal rate of value substitution, the unconstrained optimal FOCs can be re-expressed as Equation (8)
Dividing labor FOC and the non simplified capital FOC will yield the result as Equation (8).
20 This is holding cash in hand constant. Price changes are over time, and cash is invariant to price but varies with time. A change in cash would push the budget line out and the tangency point will expand likewise. effect that can accentuate or dampen the fundamental response to demand.
Asymmetric Output Response to Shocks
The response to price shocks described earlier is illustrated by Figure 2 , which is calculated assuming a Cobb-Douglas production function, a borrowing allowance of zero and a specific set of parameters.
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The first panel shows the behavior of a firm that has very low cash and capital and is always constrained. The last panel shows unconstrained optimal behavior. The middle panel shows the combination of the two when the firm switches from optimal to constrained behavior with increasing magnitudes of the price shock. In this example, the Sometimes Constrained firm has enough cash to afford optimal inputs at the mean price level equal to one. The firm is not constrained for shocks below the mean and becomes constrained for shocks above the mean. First, note in Figure 2 , that as prove above, capital reacts countercyclically when firms are always constrained, but procyclically when never constrained.
The second proposition is that constraints bind with increasing price and as a result, output response to positive will be different from negative changes in the price. The asymmetry captured by the middle panel of show that when firms are credit constrained, output is much less responsive to prices. Figure 4 illustrates the output response to a positive shock using isovalue curves and budget lines. Take two firms that are both producing optimally at point A in Figure 4 . One firm is never financially constrained -it has ample internal finance or access to external credit. The firm uses the optimal amount of capital and labor to determine output. The other firm is on the margin of being financially constrained.
23 A positive shock shifts the isovalue curve outward and beyond the budget set of the credit constrained firm. While the firm without constraints can increase output to point NFC, the constrained firm can only increase as far as point FC. Thus, under positive shocks, the output of the credit constrained firm responds less than that of the unconstrained firm.
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Loss in Producer Surplus, Inefficiency and Firm Growth
Financial constraints cause suboptimal input levels and distort the efficient relative factor ratio in response to shocks. Both of these effects contribute to lower output levels, leading to losses in producer surplus. As future production is dependent on revenue, the loss in profits in turn affects firm growth over time. The effects of financial constraints are magnified as working capital constraints become binding exactly when good production opportunities arise. I simulate the working capital model and the standard investment model using Matlab to illustrate the effects of financial constraints on output levels, efficiency, profits and long term firm value and growth.
21 For example, if the borrowing allowance increases with price, this is equivalent to an increase in cash -which is a change in income.
22 Here, the figure is intended to motivate the theoretical results. The choice of parameters is discussed in more detail in Section 3 when the model is simulated to examine output inefficiencies and the growth of the firm over time. 23 The firm is limited in the sense that it can only just afford to produce optimally at point A where the shock level is equal to one. For any shock greater than one, the firm will be constrained, just as in the middle panel of Figure 2 .
The policy function is given by the first order conditions, Equations (6), (7), (8) and (9). A Cobb- A first order effect of financial constraints is that output levels are restricted, Q c < Q * . I calculate the ratio between constrained outcomes and the optimal level (in accordance with the simulated path of shocks) to illustrate the average loss due to financial constraints. Table 3 shows that under the working capital model, when firms are in the Always Constrained phase they produce on average 25 only 38% of optimal output. During the Sometimes Constrained phase, they produce only 87%. In contrast, the standard model with constraints predicts that output will be 60% of the optimal level.
Suboptimal output levels lead to lower profit levels. Under the working capital model with binding constraints, profits are only 8% of the optimal level. This is about half of the 15 percent predicted by the standard model. These results suggests that the opportunity cost of producing suboptimally due to financial constraints is much greater when working capital is taken into account.
The loss in producer surplus 26 due to suboptimal production is illustrated in Figure 5 . The output of the 3 phases from Figure 2 is re-plotted with price on the y-axis and quantity on the x-axis to show the difference in supply between phases. Given price, P, the loss in producer surplus is defined by the triangular shaped area bounded by constrained supply, unconstrained supply and price. This loss is attributed to the firm producing at output level which are not profit maximizing, or analogously, not cost minimizing. Financial constraints restrict firms from producing at minimum cost and inefficiencies arise due to producing below scale and additionally, due to factor composition. Table 4 summarizes the cost per dollar of revenue and the labor to capital ratios. Compared to the unconstrained case, the cost of producing one dollar of revenue is around 15 percent higher under binding constraints, and 10 percent under sometimes constrained for the working capital model. Also, the labor to capital ratio is 20 percent higher than the unconstrained optimal ratio. Note that these ratios are not directly comparable to the standard capital adjustment model as the firm's optimization problem differs in capital choice. 27 These results illustrate that financial constraints causes inefficiencies due to non cost minimizing input levels and distorted factor ratios.
24 Cooper Prescott and Miles assume β ≈ 0.96 25 Averages are taken over all values of the borrowing parameter.
26 There is also a loss in consumer surplus due to suboptimal supply. I emphasize producer surplus because I model the behavior of firms.
27 Under the standard model, financial constraints effect only capital accumulation (and labor is always at optimal relative to capital stock and shocks). Constrained firms invest more relative to unconstrained firms as capital is below steady state. This causes the cost per revenue dollar under constraints for the standard model to be higher than that of the working capital model. Under the working capital model, both capital and labor are below the unconstrained optimal and therefore the firm cannot devote resources to accumulate capital. The differences in the optimization problem between the two models is also reflect in the labor to capital ratios. For the standard model firms under constraints have a smaller labor to capital ratio than unconstrained firms, consistent with capital accumulation below steady state. For the working capital model, labor to capital ratios are greater under constraints than unconstrained, consistent with firms turning to labor and stalling investment to increase production under constraints.
The losses in output and profits informs us about the static losses caused by financial constraints.
Dynamically, the loss in profits persists over time as output determines revenue, which in turn affects production possibilities the next period. As a results, the growth of the firm is hampered and the time to maturity becomes extended. Here, maturity is defined as state where the firm is able to produce optimally scale in response to shocks. The longer the firm remains constrained, the greater the losses in the long term value of the firm.
The growth path of the firm is simulated starting at the same initial conditions with no credit available and is illustrated in Figure 6 . The standard capital adjustment model growth path, the far left line, is much steeper that that of the working capital model, the dotted line. As expected, the working capital model predicts a much slower long run growth path than the standard model. In the same figure, the effect of a positive and a negative shock of two standard deviations introduced at period ten on the growth path of the working capital model is shown. A positive shock puts the firm on a higher growth path and a negative shock puts the firm on a lower path resulting in a longer time to maturity.
28 This suggests that under financial constraints, the growth path of the firm will be much more variable in a stochastic environment.
Another indicator for the long run growth rate of the firm is the time to maturity. The longer the time taken, the slower the rate of growth. Maturity for the standard model can be easily identified as the steady state capital level. After reaching this level, the firm can fully respond to any transitory shocks. 29 With the working capital model, the firm's ability to produce at optimal scale depends on the magnitude of the demand shock. I define maturity as reaching a threshold cash level that allows production at optimal scale 90% of the time. That is, to be considered 'matured' the firm does not need to have enough cash to meet high demand shocks with only have a 10% probability of occurring. 30 This measure recognizes the fact that financial constraints affect the response to stochastic shocks and not just the static level of output or capital stock.
The average time to maturity from the simulated data is shown in Table 5 . The standard model predicts that on average, the firm matures in 2.35 periods (which includes the 1 period required for capital to install). Under the same conditions, the working capital model predicts that on average maturity takes 8.38 periods (which includes the 1 period delay in the receipt of revenue).
The variation for the time to maturity is much greater under the working capital model -the standard deviation is 6.43 versus 2.80 periods for the standard model. This may be attributable to the sensitivity of the firm's growth path to shocks, as noted earlier and as seen in Figure 6 . These numbers suggest that the standard model may seriously understate the effects of financial constraints on firm growth. For example, if the periods were defined as quarters, the standard model predict maturity at 6 months while the working capital model predicts maturity in 2 years.
The delay to maturity is largely attributed to the time spent in the Sometimes Constrained phase. Figure 7 illustrates the time to maturity as function of the amount the firm can borrow (the borrowing allowance). The difference between total time to maturity and the time to leave the Always Constrained phase equals the time the firm is in the Sometimes Constrained phase. For the standard capital adjustment model, the firm is constrained every period right up to reaching steady 28 The change in the entire growth path due to a shock also suggests that working capital may also act a propagation mechanism for shocks. Shocks are carried for at least one period past the time the shock occurs as revenue is received one period later.
29 This is as investment is invariant to transitory shocks and labor is self financing. periods. This contributes to the prolonged effects of financial constraints on firm growth.
Long term value is the sum of profits across time and Figure 8 shows the median bands of the ratio between constrained long term value and the non constrained long term value for both the working capital model and the standard model, across different borrowing allowances. At a borrowing allowance of zero, constrained firms have only 63% of the value of non constrained firms.
Even though constrained firms eventually catch up in terms of capital stock and ability to respond to positive shocks, they can never catch up to the long term value of unconstrained firms of the same age. Dynamically, financial constraints have a permanent effect on firm value in the long run.
To summarize, financial constraints restrict optimal output which results in loss of producer surplus. Inefficiencies arise not just from producing below scale (shown by cost per dollar of revenue) but also from distortions to factor composition (shown by labor to capital ratios). Financial constraints have a persisting effect over time. The value of the firm is inevitably lower as the constraints inhibit it from making the most out of profitable production opportunities. Furthermore, the predicted effects of financial constraints are much more severe in the model with working capital than in the standard model.
Empirical Analysis
The predicted behavior of firms under financial constraints is different in the working capital model than in the standard model. The effects of financial constraints on output levels, efficiency and firm growth are much more severe in the working capital model. I test the predictions unique to the working capital model using firms level panel data from Bangladesh. First, the need to finance working capital implies that firms are more likely to become financially constrained when demand shocks increase. Second, under binding constraints, investment responds countercyclically to demand shocks. Third, the timing of when constraints bind imply that output response to positive demand shocks will differ from negative demand shocks for firms near the margin of being constrained. If 
The Bangladesh Panel Survey
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There are 259 privately owned firms in the panel representing six different manufacturing sectors.
Surprisingly few firms drop out of the survey. There are 241 firms that are present in all 6 periods.
Firms were sampled from the two major cities, Dhaka and Chittagong, and are representative of the industrial composition of the Bangladesh economy. More than half the sample is in either the Garment or Textile industry, 28% and 26% respectively. The rest of the sample is distributed in Food (15%), Leather (12%), Electronics (9%) and Chemicals (10%). There is substantial variation in firm size. The interquartile range is 264 employees with the median at 150. About 37% of firms have fewer than 100 employees, and 85% have fewer than 500 employees. There is a tendency for firm surveys in developing countries to over sample larger firms, which may not be representative of the microenterprises that often characterize developing economies.
The panel contains several indicators for financial constraints. My first measure of financial constraint is the manager's subjective assessment of whether access to financing is a problem. They report on a scale from 0 to 4 with 1 corresponding to a minor problem and 4 corresponding to a severe problem. 36 I define the dummy acc = 1 if the firm described access to finance as moderate to severe problem. 37 The second measure uses the composition of the sources of finance. As shown in Figure 1 , firms report the share of finance from each of 14 different sources. I define a second financial constraint dummy, internalF = 1 if 100% of financing comes from internal funds and the firm reported at least some problem with access to financing. 38 A firm that finances operations entirely from internal funds is one that does not utilize external credit. Under the model's framework, this implies either the firm is matured and does not need external finance (and these firms are not considered financially constrained by internalF ), or the firm is financially constrained. I also include indicators typically used in the literature such as age and size of the firm (Cooley and Quadrini (2001); Cabral and Mata (2003)). The dummy age5 = 1 if the firm is 5 years old or less and size100 = 1 if the number of employees is 100 or fewer. The measures that utilize financial composition and subjective assessment indicate that a substantial proportion of the firms are financially constrained, consistent with the poor investment climate of Bangladesh; 67% are constrained according to the internal finance indicator and 44% according to the access to finance indicator. Table 6 .) Internal finance and access to finance indicators exhibit movement by firms into and out of being financially constrained whereas the age and size indicators do not. (Transitional probabilities are shown in Table 7 .) Firms report percentage price changes for output price and raw material prices. The price index is constructed by setting base year price equal to 10 and adding subsequent percentage price changes.
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Considering that more than half of the firms in the sample trade (either through exporting, importing or both), I assume that firms are price takers. Under this assumption, price changes reflect demand shocks.
Summary statistics of key outcome variables are given in Table 8 . Constrained firms have lower output, capital stock, labor, investment and output growth than unconstrained firms and the difference is statistically significant. While there are differences between outcome variables, there are no significant difference in price variables. Table 9 shows there is no significant difference between the two groups in changes in output price, raw material price or wage but there is a small difference in the change in interest rate. Looking at firm characteristics (see Table 10 ), constrained firms have fewer workers which is consistent with expectations. Contrary to expectation, there is no significant difference in age. This may reflect the weaker correlation between age and freedom from financial constraint in developing countries. The distribution over sectors is similar between constrained and unconstrained firms.
When Do Constraints Bind?
The working capital model predicts that constraints are more likely to bind when price shocks increase than when shocks decrease, as shown by the middle panel of Figure 2 . This prediction is driven by the need for more working capital during high demand and by the assumption that credit available to the firm is invariant to price shocks. If credit availability changes with price, as is assumed in models where borrowing is dependent on net worth, constraints will be less likely to bind when output price increases and more likely to bind when price decreases. Empirically testing when constraints bind is important not only to test a key implication of the working capital model but also to test the borrowing assumption, a point about which there is no consensus in the literature. Furthermore, understanding when constraints bind would help policy makers identify when alleviating financial constraints is most crucial. According to the model, the state of being constrained should depend on wealth, the state variables capital and cash, the price shock and other parameters. The empirical specification is as follows:
The dependent variable, CnstrIN = 1 if the firm was not constrained in the previous period and is constrained in the current period. Internal finance and access to finance were used in the analysis as the constraint indicators, because age and size never switch from unconstrained to constrained.
Controls for firm characteristics are: sectors, log age, change in log wage and change in interest rates averaged over sector and time. Change from firm specific mean of log output price is used as the change in shock. The expected sign for the coefficient λ 1 for the response to price changes is positive.
Empirical results are shown in Table 11 . Across all specifications, the estimates for λ 1 are positive and significant at the 5% level. As predicted by the working capital model, and contrary to conventional wisdom, positive price shocks are associated with movements into a constrained state. In other words, constraints bind precisely when good opportunities arise.
Investment Response to Shocks
The model's prediction is that when financial constraints are binding, investment reacts countercyclically to demand shocks. Motivated by the solution to the firm's dynamic problem that states that the firm's choice of inputs depends only on the state variables, the stochastic factor, and the exogenous parameters, I estimate the following specification:
The dependent variable is the change in log capital stock. Initial capital stock, reported present value of machinery, equipment, land, buildings and leasehold improvement, comes from the 2002 Investment Climate Assessment (ICA) survey.
40 Capital investment in each period is the net spending 41 on additional machinery, equipment, vehicles, land and buildings. The lagged log value of capital and revenue, R, are used for the state variables, capital stock and cash in hand respectively.
Revenue is interacted with the constraint variable, cnstr, as cash should only matter when the firm is constrained. The stochastic variable is the change in log output price, shock. I also control for industrial sector, lagged firm size, change in log wages, sector-and time-specific interest rates, and a linear time trend.
The model predicts that investment is countercyclical when the firm is in the always financially constrained phase. I use two different methods to measure binding constraints: First, I define the firm as consecutively constrained if the firm is financially constrained in periods t and t − 1, and second, I define the firm as consistently constrained if it is constrained for all periods the indicator is observed. The consecutively constrained indicator is firm-and time-variant whereas the consistently constrained indicator varies across firms only.
The empirical test is to see if the investment of constrained firms responds negatively to a price shock while the investment of unconstrained firms responds positively. That is, the coefficient on the interaction between the financial constraint indicator and the price shock, α 3 , should be negative and greater than the coefficient for the price shock, α 2 . In addition, α 2 should be greater than zero.
Results are shown in Table 12 for both semi-annual and annual changes in capital stock. I find that 41 Net investment is the additional spending minus sales of additional machinery, equipment, vehicles, land and buildings.
investment of unconstrained firms responds positively to an increase in output price. A 10 percent increase in the output price leads to between 15 to 30 percent increase in capital semi-annually or 20 to 35 percent annually. This is significant at the 5 percent level across all specifications using different indicators for financial constraints. The coefficient α 3 is negative across all specification, consistent with the model.
Of the 6 different indicators of financially constrained, only two indicators consistently show significant difference in response to output shocks between constrained and unconstrained firms both in semi-annual changes and annual changes: the Internal Finance 'Consistently constrained for all periods' and 'Age5' the indicator for when the age of the firm is less than 5 years old . These are shown in estimates (2), (6), (8) and (12). The model's predictions for countercyclicality are during the firm's 'Always Financially Constrained' phase. As such, it makes sense that this phase maybe better captured when a) the firm is consistently only financing through internal funds and b) the firm is very young. Interestingly, this also suggests that Access to Finance, as a qualitative assessment by the manager, and the size of the firm are not very good indicators for firms that are extremely financially constrained.
Of the estimates (2), (6), (8) and (12), in all estimates except for estimate (8), investment is significantly countercyclical when the firm is constrained. Estimate (2) and (6) suggest that a 10 percent increase in the output price leads to a decrease in semi-annual investment of around 0.3 and 0.4 percent respectively. Estimate (8) shows that on an annual level, firms that are internally financed would only increase investment by 5 percent, compared to unconstrained firms that respond by an increase of 35 percent. However, the strongest result is in estimate (12) where the estimated coefficient suggests that a 10 percent increase in the output price leads to a decrease in annual investment of around 11 percent. The difference in the result between estimate (8) and (12) may be due to the internal finance indicator capturing firms that may be less financially constrained than those captured by age. This may also explain the difference in the size of the estimated coefficients in the semi-annual regressions (2) and (6) where the effect is larger using age.
There are at least two reasons why evidence of investment countercyclicallity is not found in all of the regressions, the first being that the identifying financial constrained firms that are in the 'Always Constrained' state may be inadequately captured better by some measures than others.
Second, disinvestment may not occur if secondary markets for machinery, equipment and vehicles are thin. If capital cannot easily be liquidated, the firm faces disincentives to invest and may be unresponsive to shocks.
Investment cashflow sensitivity is estimated by the coefficients for lagged revenue and interacted lagged revenue. For unconstrained firms, the coefficient β 3 is close to zero and not significant for the majority of the specifications, as expected. This indicates that, consistent with the first order condition, cash on hand does not enter the unconstrained firm's optimal decision. Contrary to the predictions of the working capital model, there is very little evidence that the investment of constrained firms is sensitive to cashflow. One potential explanation is that the part of the total change in capital due to the change in cash (the first term on the right hand side of Equation 12) is dominated by the part due to the change in price. In other words, the income effect is small relative to the substitution effect.
42 A second possible explanation is that the cash positions of firms are not accurately measured by last period's revenue.
My empirical strategy assumes that price shocks measure demand shocks. It is possible that instead, price shocks reflect supply shocks, either changes in technology or in factor prices. If price shocks represent technology shocks, the model's predictions and the interpretation of the results are unchanged. If price shock reflect changes in factor prices, particularly a change in the price of capital, investment would appear to behave countercyclically. However, there is no theoretical basis to suggest that the direction of the response to factor price changes will differ between constrained and unconstrained firms, unless the shocks are different between the two groups. From summary statistics of price changes in Table 9 , we see that there are no significant differences in the changes of output price, wages nor raw material prices between constrained and unconstrained firms. Furthermore, these are controlled for in the regression. In summary, even though it is possible that prices may reflect supply shocks, supply shocks cannot explain the significant difference in investment response between constrained and unconstrained firms.
Output Response to Shocks
Section 4.2 has shown that constraints are more likely to bind when positive production opportunities arise. This implies that financial constraints limit the firm's output response to positive shocks but do not affect the firm's response to negative shocks. The empirical specification to test the output response of financially constrained firms is as follows:
The change in log output is percentage growth and is measured as the difference from the firm specific mean. I categorize firms into; Always Constrained and Sometimes Constrained using internal finance and access to finance as the financial indicators. 43 All other explanatory variables are the same as those in the investment specification. The specification was estimated using OLS with robust standard errors clustering on firms. Positive shocks are defined as shocks above firm mean and negative shock defined as below mean. The empirical test is to see whether sometimes constrained firms respond differently to positive shocks than unconstrained firms. Unconstrained firms increase output in response to positive shocks, so α 1 is expected to be positive. Sometimes Constrained firms are limited in their ability to expand, so α 3 is expected to be negative. Unconstrained and Sometimes Constrained firms are predicted to respond to negative shocks in the same way, so α 4 is not expected to be significant. According to the model, Always Constrained firms may have a different response to negative shocks as these firms are producing at a much steeper part of the production function.
Results are shown in Table 13 . When the financial constraint dummy is defined based on access, virtually all of the estimated coefficients are insignificant. When the internal finance measure is used, the results are broadly consistent with the working capital model. First, the response to positive shocks is significantly different for unconstrained and Sometimes Constrained firms. Unconstrained 43 Recall that age and size variables do not indicate the firms transitioning into being financial constrained. Always Constrained is defined as a dummy equal to one when the firm is constrained for all periods and is time invariant. Likewise, Sometimes Constrained is defined as a dummy equal to one when firms are constrained at least once but less than for all periods.
firm increase output but Sometimes Constrained firms do not. Second, unconstrained and Sometimes Constrained firms do not differ in their response to negative shocks. This is indicated by the insignificant coefficient on the SometimesCnstr * N egativeShock. Third, consistent with theory, results indicate that output growth of constrained firms is sensitive to cashflow whereas the output growth of unconstrained firms is not.
Conclusion
Finance is scarce in developing countries where poverty hinges precariously on economic growth.
How firms develop within an environment of limited access to external credit, and how financial constraints affect the behavior of the firm are of crucial importance to understanding investment and growth. Existing models have mainly been developed for and tested using data from developed economies, yet, despite the vast differences in context, these models are continually applied to developing countries. As a result, economic factors that are not necessarily relevant to developed economies but are crucial for developing countries are overlooked. A clear example of this is the largely neglected role of working capital. In countries such as the US, working capital is mostly irrelevant due to the abundance of short term credit availability. However, in developing countries where external credit is virtually non-existent, entrepreneurs have to resolve the time delay between incurring the cost of production and the receipt of revenue themselves. The need for working capital becomes very relevant when access to credit is scarce. This paper develops a basic dynamic working capital model of the firm with financial constraints.
By taking into account the need to finance both working capital and investment, and the possibility of financing from internally generated funds, the model provides insights into the effects of financial constraints on the firm's operations that are not captured by existing models. First, the working capital model shows that in addition to scale inefficiencies caused by constrained suboptimal output levels, financial constraints also distort optimal factor ratios in response to demand shocks. Investment becomes countercyclical to shocks under binding constraints. Not only are profits lower but the cost of generating a dollar of revenue are higher for the constrained firm than for an unconstrained firm. Secondly, not only is the constrained firm earning less at each period, but the suboptimal level of revenue it generates negatively affect production and growth over time. Thirdly, financial constraints prevent the firm from taking advantage of production opportunities. The working capital model relates the demand for financing to the demand for inputs to production. Firms are bound by constraints precisely when they wish to expand and are not bound during times of contraction.
The model offers a flexible theoretical framework of the firm under financial constraints. The assumptions of the model are very general -the only modifications to standard assumptions are the timing of revenue receipt and the absence of adjustment costs to investment. The theoretical predictions for investment response to price shocks do not rest on any assumptions regarding the functional form of the production function. The solution is analytically tractable and captures the essential predictions of existing models but offers additional insights into the effects of financial constraints.
While this paper has focused on presenting a parsimonious model to illustrate the inclusion of the concept of working capital, the model can be easily modified with investment adjustment costs 44 , Labor is always optimally chosen and as such, output responds fully to demand shocks.
50 The capital adjustment model does not allow for firms to move in and out of financially constrained states and as such firms under this framework will never find themselves suddenly limited under a (transitory) positive shock.
Overall, the standard model of financial constraints will understate the effects of financial constraints on firm growth and responses to shocks because of these four characteristics compared to the working capital model of financial constraints.
50 The curvature of the production function however will cause increases to be less than decreases in output. 
Realized Price: P1 =P + ε1 Realized Price: P2 =P + ε2
Choice Make input choices: L1and K1 Make input choices:L2 and K2
Note: At the start of the period, the firm has capital and cash. The price that the firm will receive for its product is realized and then it decides on input choices of labor and capital. The next period, the firm receives the revenue which, along with savings, constitutes cash for the next period's production. 
Sometimes Constrained:nitial cash is set such that firm can afford optimal solution when the shock is equal to one.
Note:Panel A illustrates responses in output, labor, capital and investment to price shocks when firm behavior is dictated by constrained first order conditions. Panel B illustrates these same variables when the firm switches from unconstrained to constrained states. Panel C is the behavior of the unconstrained firm. Note that the scale of the y-axis differs across the three panels. 
10 Shock is 1.7
A price increase causes the isovalue curve to pivot from V1 to V2 and the new tangency point B is to the left of the initial starting point A. Note:Financial constraint indicator is internal finance, variables defined in logs. The null hypothesis that the difference in means between constrained and unconstrained firms is equal to zero is rejected for all variables at the 5% significance level. Note: Financial constraint indicator is internal finance, variables defined in logs. * Due to low response rate, the interest rate is calculated as the average over sector and time. The null hypothesis that the difference in means between constrained and unconstrained firms is equal to zero cannot be rejected for all variables at the 5% significance level except for interest rates. Note:Sector variables are indicator variables. The null hypothesis that the difference in means between constrained and unconstrained firms is equal to zero is rejected for all variables at the 5% significance level except for age. Robust z statistics in parentheses * significant at 10%; ** significant at 5%; *** significant at 1% 
(8) Robust t statistics in parentheses * significant at 10%; ** significant at 5%; *** significant at 1%
